Abstract. The sequence of adjacent nodes (graph walk) visited by a routing algorithm on a graph G between given source and target nodes s and t is a c-competitive route if its length in G is at most c times the length of the shortest path from s to t in G. We present 21.766-, 17.982-and 15.479-competitive online routing algorithms on the Delaunay triangulation of an arbitrary given set of points in the plane. This improves the competitive ratio on Delaunay triangulations from the previous best of 45.749. We present a 7.621-competitive online routing algorithm for Delaunay triangulations of point sets in convex position.
Introduction
We study the fundamental problem of finding a route in a geometric graph from a given source vertex s to a given target vertex t. In our context, a geometric graph G is a weighted graph whose vertex set is a set P of n points in the plane, and whose edges are line segments joining pairs of points in P , where each edge is weighted by its length (the Euclidean distance between its endpoints). When full knowledge of the graph is provided, numerous algorithms exist for finding shortest paths in a weighted graph (e.g., Dijkstra's algorithm [10, 12] ). The problem is more challenging in the online setting, where a route is constructed incrementally and a partial route from s ending at a node u is extended by selecting one of u's neighbours as a function of limited information available locally at u. Without knowledge of the full graph, an online routing algorithm cannot identify a shortest path in general; the goal is to follow a path whose length is as short as possible. A path between two vertices s and t in G is a c-spanning path if its length is at most c times the length of the shortest path from s to t in G. An online routing algorithm is c-competitive on a class G of geometric graphs if for any graph G ∈ G and any pair of vertices {s, t} in G,
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the algorithm constructs a c-spanning path from s to t in G. When c is a constant, we say the online routing algorithm is competitive. In this paper we examine the problem of designing an online routing algorithm that is c-competitive on the Delaunay triangulation for the smallest value c possible.
The Delaunay triangulation, denoted DT(P ), of a point set P in the plane is a triangulation of P with the property that the triangle abc is a face in DT(P ) if and only if {a, b, c} ⊆ P and abc ∩ P = {a, b, c}, where abc denotes the unique disk that has a, b, and c on its boundary. The Delaunay triangulation and its dual, the Voronoi diagram, are well studied; see [1, 22] for comprehensive surveys of these structures. To simplify the presentation we assume that points in P are in general position.
An online routing algorithm sends a message m together with a header h from a source vertex s to a target vertex t in a graph G. Both the header and the message can be considered to be bit strings. Initially the algorithm only has knowledge of s, t and N (s), where for each vertex v, N (v) denotes the set of vertices directly adjacent to v in G (and their respective coordinates). Upon reception of a message m and its header h, a node u must select one of its neighbours to which to forward the message as a function of h and N (u). This procedure repeats until the message reaches the target node t. Different routing algorithms are possible depending on the size of h and the fraction of G that is known to each node. In the setting considered in this paper, the header h stores the coordinates of the node s from which the message originated, the coordinates of the node t which is the final destination of the message, the coordinates of the neighbour of u that last forwarded the message, and possibly one additional value that is computed from distances between vertices visited by the message and may be modified by the algorithm during computation.
Online routing is also known as local geometric routing on geometric graphs, or simply as local routing when geometric information is not provided (or does not exist). Previous work in online routing includes results on triangulations [6, 9, 19, 23] , on more general planar or near-planar geometric graphs [7, 9, 14, 15, 16, 17, 19, 21] , and on arbitrary (non-geometric) graphs [3, 8] . When h stores only the coordinates of the destination node t, we say an online routing algorithm is oblivious. That is, the forwarding decision at each node u is made as a function of only u, N (u), and t. No competitive oblivious online routing algorithm exists [20] , even on Delaunay triangulations [2] . In this paper we focus on competitive online routing algorithms. Allowing the header h to store slightly more information (some of which can be modified dynamically during routing) enables an online routing algorithm to guarantee not only that each route reaches its destination, but that it does so along a c-competitive path.
The spanning ratio of a graph G is the maximum ratio τ between the length of a shortest path σ on G joining any pair of nodes s and t and the Euclidean distance between s and t. That is, for any for any two vertices s and t in G there exists a path σ from s to t in G such that |σ| ≤ τ |st|, where |σ| denotes the sum of the lengths of the edges in σ and |st| denotes the Euclidean distance from s to t in G. Several previous results examine upper bounds on the spanning ratio τ of
